2674 D. B.

of the nuclear potential thereby inferred. By choosing
values of 7oand M consistent with low-energy scattering
experiments and our present understanding of nuclear
matter a value of « has been derived which yields
theoretical nuclear evaporation spectra which fit the
present low excitation energy experimental data very
well. However, when more precise experimental data at
excitation energy ~20 MeV become available « may be
determined more precisely than is possible at the present
time. The dependence of o as well as 8 on excitation
energy may then be interpreted in terms of the proper-
ties of nuclear matter (M*(E) and 5(E)) as higher
excitation data become available.

At modest excitation energies of only 14 MeV maxi-
mum the effect of the shape of the nuclear potential is
relatively unimportant and the theory may be tested by
neglecting the expected change in nuclear potential with
excitation energy. Neutron emission spectra at modest
excitation energy have been computed without reference
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to any particle-emission experiments (that is, nuclear
dimensions used in the theory are determined from
elastic neutron scattering experiments and the nuclear
level densities in a potential of these dimensions are
determined entirely theoretically) and the result has
been compared successfully to 14-MeV inelastic neutron
scattering and (p,n) measurements. Experimental tem-
perature and parameter fitting are not useful concepts
when multiple particle emission is at all possible.!®-2
Their experimental determination will result in a pos-
sible decrease of ‘‘temperature” with excitation energy
and a level density parameter an order of magnitude
lower than the theoretical value.
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The Landau surface for the triangle diagram touches the physical region at three points. The consequences
of this singlar-matrix element for several processes are studied. It is found that there should be peaks in
cross sections at the edge of phase space. These peaks depend sensitively on the incident energy and are

distinguished in this way from genuine resonances.

I. INTRODUCTION

HE existence of anomalous thresholds in certain
Feynman amplitudes was first noticed by
Karplus, Sommerfield, and Wichmann.! There has been
much subsequent work, particularly by Landau? who
gave the general conditions for the occurrence of many
particle singularities and by Cutkosky?® who showed how
to calculate the discontinuities across their cuts.

In all of the current theoretical approaches to ele-
mentary particle physics one abandons many concepts
of Lagrangian field theory, but, none the less, assumes
that the singularities of the perturbation amplitude are
preserved in the correct amplitude.*5 Thus, one can-
not ignore anomalous thresholds and maintain any
semblance of logic. It does not seem a particularly de-
sirable situation, then, that there is no physical evidence

I R. Karplus, C. M. Sommerfield, and E. H. Wickmann, Phys.
Rev. 111, 1187 (1958).

21.. Landau, Nucl. Phys. 13, 181 (1959).

3R. E. Cutkosky, J. Math. Phys. 1, 429 (1960).

4 H. Stapp, Phys. Rev. 125, 2139 (1962).

5G. Kallen and A. S. Wightman, Kgl. Danske Videnskab.
Selskab, Mat. Fys. Medd. 1. 6 (1958).

that these are anything more than mathematical
apparitions.

Landshoff and Trieman® and, more recently, Aaron’
have suggested reactions in which effects of the anomal-
ous threshold occurring in the triangle diagram might
be seen. They were limited, however, either by com-
peting diagrams for the same reaction, or by the large
distance of the singularity from the physical region. We
have found that these limitations can to some extent be
removed by allowing two external particles at each ver-
tex of a closed loop graph. Also, we find that under cer-
tain conditions, to be described later, the strength of
the singularity may be enhanced.

We find that it is necessary to include at least one un-
stable particle among the internal particles. The
imaginary part of the mass of this particle keeps the
singularity from actually touching the boundary of the
physical region. For a narrow resonance this might not
be too serious. In fact, if the effect turns out to be ob-
servable, it might provide some information on the
widths of such resonances.

6 P. Landshoff and S. B. Treiman, Phys. Rev. 127, 649 (1962).
7 R. Aaron, Phys. Rev, Letters 10, 32 (1963).
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II. THE TRIANGLE SINGULARITY

Consider a reaction in which a particle of momentum
p: and mass m; decays into two particles of momenta
p: and p; and masses ., and ms, respectively. In the rest
system of the first particle

my= (p2+m22)1/2+ (p2+m32)ll2 s

p? may be found by squaring twice:

where p=ps=—ps.

p= (mittmat+mat— 2mPmad— 2mPmat— 2moma?)
/4m2=N\(m)/dm®.

In order that p? be positive, N(m) must be positive.
The function X has four factors: (mi+maetms),
(my+me—ms), (mi—me+ms), and (m;—me—m3). The
last three correspond to the three possible disintegra-
tions and the first to no physical process.

The surface A=0 plotted in the space of the m? is a
cone with vertex at the origin and tangent to each of
the three planes m2=0 along the line m2=m;’. The
physical region is external to the cone. In the space of
the m;, A=0 is the surface of a triangular pyramid with
apex at the origin, touching the coordinate planes along
the coordinate planes along the lines m;=m;, which
are also the edges of the pyramid. Again the region out-
side the pyramid is the physical region.

The (Landau) singularity surface of the triangle dia-
gram (Fig. 1) is given parametrically by the equations

mi?= po’ - ust— 2uous (w2 — usl— us) /2usus,
ma= i+ pa®— 2paps (U — u—us?) [ 2urus,
msP= l~t12+#22— 2,“«1#2(%32'— U2 — %22)/2M1M2 y
where the u’s are the internal masses, and the #’s are

three parameters. The function A (#) may be calculated
in terms of the #’s and y’s and is

A (m) =\ (1) (uape/wrtta—+ paps/ witbs+ pops/watts)? .

Since the square is obviously positive, the sign of A(m)
is the same as the sign of A(%). Expressed in terms of its
factors A(#) is

N(u)= — (urt+uatus) (wr+ue—us)
X (1= satus) (— uruotus) .

Since the #’s must be the sides of a triangle for a physi-
cal sheet singularity, each of the four factors is positive
and \(u) is negative or zero. When A (#) vanishes, the
singularity surface touches the physical region. This
happens when wu;=ws4us, #s=u3+u;, and when
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us=u;-+u2. These values of the parameters correspond
to the points:

my=|pa—ps ,
m2=ﬂ1+ﬂs;
m3= u1+ue;

at ur=wus+us,
(1)

at uo=uz+1u,, m1= uotus,

2)

me= lm-#sl )
M3= w1t us;

at us=1u1+us, mi1= patus3,

m2=ﬂ«1+,u3 5 (33

ms= lm-#zl .

The reactions suggested by Landshoff and Treiman,
and Aaron satisfy some of these conditions. For real
points there are no minima for the separation of the
singularity surface and the boundary of the physical re-
gion except at these three points. The three sets of con-
ditions are equivalent and only the second will be treated
with u3>u;. The point where the conditions are satis-
fied will be called P. Of the three equations the require-
ment that me=pu3—u; is the most dificult to satisfy.
The other conditions can be satisfied by choosing a pair
of light external particles at the vertices, with some in-
ternal kinetic energies. Trieman and Landshoff satis-
fied the difference condition at their ¢ vertex by using
a deuteron and two nucleons or by exploiting the small
value of mass (Z)—mass (A)—mass (7). The use of a
bound state is not practical because a pole will almost
certainly occur in the same process and will mask the
anomalous threshold effect. Aaron suggested using a
heavy unstable internal particle although he did not use
it to satisfy the difference condition. The use of a heavy
unstable particle for us is probably the most practical
way of seeing an anomalous threshold. Another less
practical possibility is the emission of a photon at the
difference vertex.

The set of conditions (2) imply in addition to the
Landau equations that each internal vertex a stability
condition is just satisfied and the whole diagram is at
the threshold. In terms of the analysis of singularities
this causes the pinch to take place along a line in the
plane of integration instead of at a point. For this reason,
as will appear presently, the strength of the singularity
is increased from logarithmic to the inverse square root
type. The generalization of these conditions to more
complicated diagrams is simple. To find a satisfactory
example for a square diagram we would have to con-
sider a six-particle final state.

The integral for the triangle diagram is

1 1 1
F3=/ d(,\fl/ daz-/ daa 6(1—a1—a2—a3)/D,
0 0 0
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where

D=masaz+mPaos+msiaics

— (ulortplostusias) (@rtostas) .

Close to the singularity the m’s may be expressed as
follows:
M= po+us+61,

M= p3—u1+ 02,
3= p1+u2+0z,

where the §’s are small and it has been assumed that
s> to lowest order in § the denominator of the in-
tegral becomes

D= — (uia1— pos— paees)®+2a1c (14 p2) 83
42003 (us— pa)ast2a00 (ot ps) 8y -

If the u’s are complex with small imaginary parts
wi=fi,+1iv; D may still be written as

D= — (fijo0n— fiec2— fizas)*~+remainder ,

where the remainder is small. Thus, D has a pair of roots
near the line fyo— fises— fizcs=0.

It is convenient to do first the as, then the @, and fi-
nally the o integration. According to the preceding dis-
cussion, after doing the a3 integration by means of the
delta function, the denominator may be written as

D=Alas— (p+e1) JLas— (p+e2) ],

where A4, p, and the ¢’s may depend on ;. The @ integral
may be carried out by elementary methods and gives

1 as—p— €1
ln[ :l

Ale—e) as—p— €
The two roots p+€ and p+e. lie on opposite sides of
the real o, axis since they must pinch the contour to
produce a physical sheet singularity. For convenience,
assume that p+e; has a positive imaginary part and
that p+e; has a negative imaginary part. If as passes
the real part of these roots between the limits of the as
integration O and 1—a;, then the phase of the logarithm
will change by almost 2, since the phase of the numer-
ator increases by wi and that of the denominator de-

creases by wi. It is only this phase of the logarithm that
contributes to the singularity. The integration becomes

da;
A(e1—e2)

invariant mass = m,

1—a1

0

invariont mass = my

M3, P Ma1
M3 l Ma2 .
F16. 2. The modi-
fied triangle diagram
Fa E3 with two external
particles attached at
each corner.
incident pair
mass = Vs = my
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Fic. 3. Three reactions in which the anomalous threshold may
be visible. The masses are given in MeV and no correction has
been made for the shift in location of the peak due to the imaginary
part of ¥ and w. The ¥ is the 1520 MeV, strangeness — 1 resonance.
with a width of 15 MeV.

where

A (e1— e2)= [N (m)ar>+2B (mp)ay+C (map) ]2,
B (mp) = [—m14+mlzm22+m12’maz+m12,u22+m1zu32
FmoPuat - meus® — motus — matuat - 2mi P,
C (mp) = my* po* -+ pst— 2m2po— 2mo2us®— 2uslus?

and the integration is taken from a;=pus/(ui+us) to
ws/ (u14us). At the point P each of the functions A,
B, and C vanishes but their derivatives with respect to
the masses are finite. In the neighborhood of P, 4 (e;—e2)
may be written

A(a—e)=[(m1—pa—ps) X
+ (mo— pstu1) Y+ (ms— py— p2) Z 12,

where X, V, and Z are the derivatives of 4 (¢;— e2) with
respect to m, ms, and m; evaluated at P. Next it is con-
venient to write each of the differences in polar form and
incorporate the phase in the coefficients X, ¥, and Z.
Thus, m1—us—pus=r1e'®, etc. With the modification,
A (e;— e2) becomes

Ala—e)= (X'r1+Y'r+Z'rg)'2,

where the primes indicate that the phase factor has
been absorbed. Finally, it is useful to introduce
r=(r+r2+7:*)"? and write ;=7 cosf,. The final form
of A(e;—ey) is

A (61— 62) — 7’1/2(XN+ le+ZIl)1/2 ,

the double primes indicate the inclusion of the cosines.
Itis not necessary to do the integral to determine the be-
havior of the amplitude since after the #'/2 is factored
out the integral is well behaved and elementary. At the
present stage of knowledge about anomalous thresholds
there is no point in computing the integral. It describes
some fine structure of the effect we wish to study and as
the gross structure is unclear we ignore the fine struc-
ture for the time being. Our matrix element is then /2
times some scale factor.

To study the consequences of the /2 singularity in
the matrix element it will be necessary to find a physical
process that satisfies our conditions (2). In place of a
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F1c. 4. Plots showing contours of
events for the reaction #+N — (wn)
+(7x) at 2017 MeV total center-of-mass
energy. In Fig. 4(a) it is assumed that
the diagram of Fig. 3(a) is the domi-
nant process and in Fig. 4(b) the
matrix element is taken equal to 1.
In both plots, the contour interval is
109 of the maximum value. M is the
invariant mass of the  pair and M3 is
the invariant mass of the m» system.
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single line having mass m; we shall attach the incident
pair of particles having center-of-mass energy s'/2=m,.
At each of the other two vertices we attach a pair of
particles having center-of-mass energies ms and ms, re-
spectively. The masses of the constituents of these pairs
are (ma1,mee) and (mgi,msz). The resulting diagram is
shown in Fig. 2.

We calculate the relative probability of events with
given /%, m,, and ms as a consequence of the 7*/2 matrix
element. This probability is given by (phase space)
X |77112|2, The phase space T is given by

-
I'=

8171/227}’1/328
X A (Y2 m0,mz)\ (Mg, M01,m20) N (M03,M031,m30) ]V/2.

Effectively only the first factor A is relevant in the region
that is of interest as the second two will be chosen slowly
varying. Thus, the anomalous threshold produces a
density of points p in a Dalitz plot in the neighborhood
of P

p= A2 (51/2,1%2,’}%3)/7’
=[ 182 — po—ps| >4 | ma— pst-p1 | >4 [ ms— p1— pa | 21112
X [s?+mat+mat—2smad— 2smad— 2moPm? 1112,

To see clearly what is happening several further approxi-
mations are useful. The second term may be factored as
indicated earlier and only the factor s'2—ms—m3 that
vanishes near P is important. In the first term some of
the u’s are complex since we have included unstable par-
ticles. Let us call the contribution of the imaginary

(@) (b)

parts I?, p becomes

p=[(s"2— fia— i3)>+ (mo— s+ fi1)?
+ (ms— fr— )+ 12 ]2 X (52— ma—my) 2,

where 7 is the sum of the squares of the imaginary part
of the masses. The maximum of p takes place at

s1=pot-ps+I/N3, mo=ps—p—1I/V3,
m3=M1+I~t2“I/\/§>

which is within the physical region.

III. SOME EXAMPLES AND CONCLUSIONS

In Figs. 3(a), (b), and (c) we show three processes
that may exhibit our effect. As has already been pointed
out® the effect in question occurs in a narrow range of
the variables s'/?) ms, and m;. The “‘width” of the peak
is to be measured in units of 7. On the other hand, the
height of the peak depends on I7'/%; hence, the effect
is not easy to see. We have no way of estimating how
significant the background is relative to the anomalous
threshold. It also must be assumed that all the scatter-
ing amplitudes occurring at the corners of our triangle
are large.

In Fig. 4 plots have been made of p for the first of the
three reactions under the assumption that the triangle
singularity is dominant and also with unit matrix ele-
ment. It should be noted that the peak of triangle singu-
larity comes at about 30-409, of the maximum of the
pure phase-space plot. The peak for the triangle singu-
larity falls off more slowly as s'/2 is increased above the
exact value for the singularity than if it decreases below
this value.



